ON THE PRODUCT PROPERTY FOR THE LEMPERT 

FUNCTION 



NIKOLAI NIKOLOV AND WLODZIMIERZ ZWONEK 

Abstract. We study the problem of the product property for the 
Lempert function with many poles and consider some properties 
of this function mostly for plane domains. 



1. Introduction 

Let A and B be at most countable non-empty subsets of domains D 
and G in C n and C m , respectively. We say that the Lempert function 
Idxg(A x B, •) with pole set A x B has the product property at the point 
(z,w) e D x G if 

Idxg(A x B, (z, to)) = m&x{l D (A, z), l G (B, w)}. 

It is easy to see that this property is true if A and B are singletons 
(cf. [3]). Moreover, a necessary and sufficient condition for the prod- 
uct property for the Lempert function has been given in [2] (Theorem 
4.1), when B is a fixed singleton and A varies over all finite subsets of 
D; namely, the product property holds if and only if l G (B,w) is equal 
to the pluricomplex Green function gc{B, w) with pole at B. Unfortu- 
nately, the proof of this result contains a gap (more precisely, there is 
a gap in the proof of Lemma 2.3). A main purpose of this paper is to 
prove a more general version of this lemma (Lemma 4 below), which 
allows us not only to give a corrected proof of the above mentioned 
result but also to refine it (Theorem 5). 

Concerning the case when the pole sets are not singletons, it has 
been shown in |5j that the product property for the Lempert function 
is not true even in the case of the unit bidisc D 2 . So it is natural to 
study when this property holds for D 2 when each of the pole sets A and 
B has two elements. A second purpose of the paper is to show that 
if, in addition, l n (A,0) = lo(B,0) > 0, then the product property for 
ljfi{A x B, (0, 0)) is true if and only if there is a rotation sending A to B 
(Theorem 7). This result allows us to construct easy various examples 
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of arbitrarily large pole sets of the unit disc for which the product 
property for the Lempert function of the bidisc is not satisfied. 

The paper is organized as follows. In Section 2 we give basic facts 
about the Lempert function and its variations. In Section 3 we obtain 
explicit formulas for these functions in the plane case and descriptions 
of their extremal discs (which may be considered as an analogue of 
geodesic curves). These results are used in Section 5 to construct vari- 
ous counterexamples to the product property of the Lempert function. 
Section 4 contains proofs of Lemma 4 and Theorem 5 mentioned above. 

2. Preliminaries 

Let D be a domain in C n . Let z G D and let A be at most count- 
able non-empty subset of D (in the paper we consider only such sets). 
Denote by D the unit disc in C and define 

l D (A,z) :=inf{JJ|A a |}, 

where the infimum is taken over all subsets (X a )a&A of D for which there 
exists a <p G C(D, D) with <p(Q) = z and <p(X a ) = a for any a G A (it is 
shown in jB] that there are such subsets). The function Id(A, •) is called 
the Lempert function with poles at A (cf. [21 El El HH El E] ) • Note that 
Id (a, ■) : = Id ({a}, •) is the classical Lempert function. The Lempert 
function is monotone under inclusion of pole sets; moreover (see jHj), 

Id{A, z) = mf {Id{B, z) : B is a finite non-empty subset of A}, 

and therefore, 

l D (A, z) = M{l D (B, z):(D^BcA}. 
For any fixed N G N* := N U {oo} and a, z G D, set (see j2J) 

N 

l%(a,z) :=inf{niAi|}, 

i=i 

where the infimum is taken over all subsets (Aj)|Li of D for which there 
exists a (p G 0(D, D) with (p(0) = z and <f(Xj) = a, j = 1, . . . , N (ob- 
viously, there are such subsets). Note that we may also define another 
function, denote it by lp(a,z) in a similar way as above but we al- 
low some of the Ay's to be equal and we count them not more than 
the multiplicity ordA J y? of tp at Xj. We shall show that both functions 
coincide. 

Claim. l^(a,z) =l^(a,z). 

Proof. We follow the ideas of A. Edigarian (see e.g. jH]) who shows 
the result for N = oo. Assume that N < oo. 
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It is sufficient to get that lp(a, z) > l^(a, z). Let e > be arbitrary. 
Then we may find ip G 0(B, D) such that ip(0) = z and </?(£) — a = 
Ylj=i(^ ~ ^j) kj ^(O y where Ai, . . . , A; are pairwise distinct numbers with 
X)j=i = kj > 1, and 

Y[\\f\<i»(a,z)+e. 

3=1 

Consider the mapping (ft(z) = ^(tz), 1 > t > max^x; \Xj\. Then 
^t(D) CC D, tp t (0) = z and 

3=1 1 

Since ijj t is a bounded, it follows that for any s — s t < 1, sufficiently 
close to 1, the mapping <p S)t defined by the formula 

l k ■ 
j=l m=l 

belongs to the family C(D, D), y? s ,t(0) = z, and the zeroes of the double 
product are pair- wise different. Thus 

u(M)<nn4 

j'=l m=l 

Letting £ — ► 1, e— > 0, s — > 1, we complete the proof. □ 
Denote by </d(A •) the pluricomplex Green function with pole at A C 
D, i.e. 

£d(A,2:) := sup{exp(w(2;))}, 

where the supremum is taken over all u : Z) i— > [— oo,0) such that 
u(-) — log || • — a|| is bounded from above near any a G A Is it known 
that (cf. 0) 

g D (A, z) = inf{J] X a(^(A))|A|} = inf{J] XA (^(A))ord A ^|A|}, 

AeB AeD 

where the infimum is taken over all ip G 0(D, D) with tp(0) = z. In 
particular, gu(A,z) < Id(A,z) and the pluripotential Green function 
gD{a,z) := go{{a\,z) is equal to inf ^d(°> z ) 0)- We shall see 
bellow that this infimum coincides with l^(a, z). 

Note that the function <?d(A •) is plurisubharmonic (cf. and the 
functions /_d(A, •), and 1^ are upper semicontinuous. 
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Proposition 1. The sequence (lp(a, z))nzn is decreasing and con- 
verges to 1]$ (a, z). 

Proof. Without loss of generality assume that a 7^ z. To see the 
inequality 

l^a,z)>l^ + \a,z), 

let <p G 0(D, D) be a competitor for l^(a, z) and Ai, . . . , Ajv G HJ be 
preimages of z. For «6i, denote by 

:= 1 — 

1 — ajz 

the Mobius transformation. Observe that if \a\ < 1 is close to 1, then 
one of the roots of the equation z$ a (z) = Xj, say A^i is close to Xj 
and the other one to 1. Then it is sufficient to take (f(z$> a (z)) G 
0(3, D) as a competitor for Z^ +1 (a, z) and A^i, A 2 ,i, . . . , Ajy,i, Atv j2 G D 
as preimages of z. 
To show that 

lim lp(a,z) = l^(a,z), 

N—+oc 

observe first that 

liminf l%(a,z) < lo(a,z) 
by definitions. Thus, we have to prove that 

l»(a,z)>l%(a,z) 

for any N e~N. Set f(z) = zexp(j^). We claim that for every A G D \ 
{0} there are infinitely many solutions of the equation f(z) = A from D 
and that the product of absolute values of these solutions coincides with 
|A|. Indeed, this follows from the fact that the function $a / has no 
zero radial limits and hence it is an infinite Blaschke product (cf. [3]). 
To complete the proof, similarly as above, we consider compositions of 
/ with the competitors for l^(a, z). □ 

3. Explicit formulas and extremal discs for l D (A,z) and 

To obtain counterexamples to the product property of the Lempert 
functions, we shall need explicit formulas for Id{A, z) and Z^(a, z), and 
descriptions of the extremal discs for these functions in the plane case. 

A mapping ip G 0(3, D) is called an 1&(A, z)- extremal disc if <p(0) = 
z and there exists a nonempty subset B of A with Id{A, z) = YlaeB \^a\, 
where <p(X a ) = a for any a G B (cf. (HI Ej)- A mapping tp G C(D, D) 
is said to be an Z^(a, z)-extremal if </?(0) = z and Z#(a, z) = YljLi I'M) 
where 1 < M < N, <p(\j) = a, j = 1, . . . , M, and we allow some of the 
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Aj's to be equal but they cannot be counted more than the multiplicity 
ordA v 9 °f V 9 a t (compare with the definition of 1%). 

It is an easy observation that if D is taut (i.e, if the family 0(O, D) 
is normal), 7^ A C D is finite, a G D and iV 6 N, then there are 
Z_d(A, z)-extremal discs and lp(a, z)-extremal discs. Moreover, in this 
case the functions Id(A, •) and l^(a, •) are continuous. 

Recall that a plane domain D is taut if and only if its boundary con- 
tains more than one point (cf. jl]). On the other hand, if the boundary 
of a plane domain D contains at most one point, then Id{A, •) = and 
lg(a, -) = 0. 

An application of the Schwarz-Pick lemma gives us the following 
explicit formulas in the case of the unit disc: 

l n (A,z) = !b(A,z) = Y[\$a(z)\, l®(a,z) = |$«(z)|. 

Moreover, if z A, then the 1®(A, ,z)-extremal discs are the automor- 
phisms of D, sending to z. If z 7^ a, n G N, then one may easily see 
that the 1$ (a, z) -extremal discs are the Blaschke products of degree 
less than or equal to N, which map into z. 

Now, we are going to deal with the non-simply connected plane do- 
mains whose boundaries contain more than one point. 

Proposition 2. Let D be a non-simply connected plane domain 
whose boundary contains more than one point, a, z G D and N G N*. 
Let 7r G 0(3, D) be a cover map with 7r(0) = z. Assume that 7r _1 (a) = 
{771, r/2, ■ ■ • } and \rji\ < \r] 2 \ < Then 

N 

l»{a,z)=l[\ Vj \. (1) 

In particular, lp(a, z) < l^(a, z) for z 7^ a and K < N < 00. 
If Ac D, then 

l D (A, z) = min {M : n(r)) = a}. 

Moreover, if z 7^ a and JVgN (respectively, lo(A,z) > 0), then the 
I p (a, z)- extremal discs (respectively, I d{A, z)- extremal discs) are the 
functions of the form nor, where r is a rotation. 

Proof. We shall only prove the statements for l^(a,z), since the 
proof for Id(A, z) is similar. 

Without loss of generality we may assume that a 7^ z. Let 99 G 
0(p>,D) be an l^(a, z)-extremal disc. Note that there exists r G 
0(O,O) with r(0) = and tp = 7r o r. Choose sequences (\j,k) C O, 
(Uj 7k ) C N, where lj > 1, j = 1, . . . , M, k = 1, . . . , lj and (Xj) C O, 
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j = 1,...,M such that all Xj^ (and all Xj) are pairwise different 
J2f=i Efc=i v i,k < N , v 3,k < ord\ jlh <P, r(X j>k ) = Xj and 

M h 

3=1 k=l 

Certainly, M < N. Note that ordx jk (p = ord\ jk r. Then it easily 
follows from the Schwarz Lemma that 

h 

H\Kk\ Vj - k >\^\, j = l,...,M. 
fc=i 

Therefore, 

M M lj N 

n a nn v n *\- 

j=i j=i k=i j=i 

Since ir{Xj) = z, j = 1, . . . , M, we easily get from the way we chose 
fij that M = N and, up to a permutation of the sequence (Xj) we 
also have |Aj| = \fJ>j\, j = 1, . . . ,N and the inequalities above become 
equalities, which in view of the Schwarz Lemma implies that lj = Vj t \ = 
1, j — 1, . . . , N and finally r is a rotation. 

□ 

Recall now that if the boundary of a plane domain is a polar set, then 
the usual Green function vanishes identically (see e.g. 0j). Otherwise, 
we have the following description of the /g'-extremal discs (see jjj), 
which completes the picture in the plane case. 

Proposition 3. Let D be an arbitrary plane domain whose boundary 
is a non-polar set, z G D, and let ir G 0(B>, D) be a cover map with 
7r(0) = z. If z 7^ a, then the l^ (a, z)- extremal discs exist and they have 
the form noB, where B G 0(D, D), B(0) = and Q^oB is a Blaschke 
product for any rj G 7r _1 (a). 

4. Product property of the Lempert function 

It is known that the Green function has the product property (cf. 
In this paragraph we shall prove a result describing when the 
product property of the Lempert function holds if one the pole sets is 
singleton. It is a slight generalization of Theorem 2.1 in [2]. As we 
already mentioned, the main point in the proof will be the following 
lemma whose proof (of a less general version) in [2] (see Lemma 2.3 
there) seems to be false. 
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Lemma 4. Let N G N*, /ii,/i 2 ,--- G O, p = Ylj =1 \fJ-j\, and 
q G (p, 1). Then there exist f G 0(H), O) and 771,772, • • ■ G D sncn i/iai 
nf=i 1^1 = 9, /(0) = and /(Tfr) = ft for any j. 

Proof. The proof is similar to that of Proposition 1. 

We may assume that fXj 7^ for any j. Otherwise we replace the 
numbers /ij by their non-zero preimages under the mapping z<& a (z) G 
0(O,O) for a G O sufficiently close to I. We shall consider two cases. 

Let first p 7^ 0. We shall choose the desired function of the form 
f a (z) = z$ a (z), a G [0, 1). Note that the equation f a (z) = fij has ex- 
actly two (counted with multiplicity) roots Zj(a),Wj(a), and they both 
belong to O. Assuming |%(a)| < \wj(a)\, we have |%(a)| < y/\fjj\ < 
|wj(a)|. Moreover, |^-(a)| and |m,-(a)| depend continuously on a (to see 
this, use, for example, the formula for the solution of the equation 
f a (z) = pLj). Note also that |%(0)| = |u>j(0)| = a/I/ 1 ? I and 

lim |zj(o)| = lim |tWj(a)| = 1. 

a— >1 a— >1 

Set 

N N 

g(a) = 11 \ Zj (a)\, h{a) = J] \ Wj (a)\, a G [0, 1). 
3=1 3=1 

We claim that the functions g and h are continuous and if a — > 1, then 
g(a) — > p and h(a) — > 1. We also have the equality g(0) = h(0) = y/p. 
The only problem with these properties is the continuity of functions h 
and g in the case iV = 00, so assume that N = 00. To prove the conti- 
nuity, we easily see that both functions are upper semicontinuous. On 
the other hand, their lower semicontinuity follows by the inequalities 

M oo M oo 

^(a) > II |%(a)| II \tij\, h(a)>H\ Wj (a)\ \^\, M G N, 

j=l j=M+l j=l j=M+l 

and the continuity of the first products. 

So, if q < y/p, then there exists an a G [0, 1) with fl^Li l z .?'( a )l = Q'i 
otherwise, we find an a G [0, 1) with fl^Li l u 'i( a )l = Q- 

We shall now consider the case p — 0. Having in mind the case proved 

above, it is sufficient to show that there exist / G 0(D, D) and points 

00 

771, 772, • • • G O such that JJ \r}j\ G (0, q), /(0) = and f(r}j) = fXj, for 

3=1 
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k 

any j. Fix k with J^J \rjj\ < q 2 , choose e such that 

3=1 

max \e £ ~ — 1| < 1 — J \[Lj\ 
\A<\/W\ 

for 1 < j < k, and set / = zexp(e^^). It follows by the Rouche 
theorem that the functions z — pij and / — \Xj have the same numbers of 
zeroes inside the disc {z G C : \z\ < yl/^l}- Hence for any j < k there 
is a unique rjj from this disc such that f(rjj) = fij. On the other hand, 
similarly as in the proof of Proposition 1, the function o / is an 
infinite Blaschke product. Therefore, for any j > k, we may choose rjj 

oo 

with \rjj\ > 2~ 2 3 and f(r)j) = fj,j. Thus Y\ \Vj\ is a non-zero product, 

3=1 

smaller than q. □ 
Now we are going to the main result in this section. 
Theorem 5. Let D and G be domains in C n and C m , respectively, 

and let z G D, w,b G G. Then for any nonempty at most countable 

A C D the following inequalities hold: 

max{l D (A,z),l^ A (b,w)} < l DxG (Ax{b}, (z,w)) < msx{l D (A, z),l G (b,w 

Moreover, for given N G N* the equality 

Idxg(A x {b}, (z,w)) = m&x{l D (A, z),l G (b,w)} 

holds for any A C D with N elements if and only ifl G (b, w) = l G (b, w). 

Proof. The proof is similar to that of Theorem 2.1 in |2j. The left 
hand-side inequality follows by the definitions. To prove the other 
one, let a < 1 be such that a > m&x{l D (A, z),l G (b,w)}. If A = 
{dj}f =1 , then there exist ip G 0(B), D), Xj G D, ip G 0(D,G) and 
( 6 D such that tp(0) = z, (p(Xj) = aj, -0(0) = w, ip(C) = b, and 
max{r| j . =1 |Aj|, \(\} < a. By Lemma 4 we may find / G 0(D,D) and 

Vii r]2, - ■ ■ & B such that Ylf=i \Vj\ = a -> /(0) = an d f(Vj) = Ar Set 

N ~ C 

\Vi\ OL 

j=l 'J' 

Then £ G 0(B, DxG), f (0) = (z, w) and f (r^) = (a,-, b), which implies 
that 

Idxg{A x {6}, (z,w)) < a. 

Hence 

^dxg(-4 x {b}, (z, w)) < m&x{l D (A, z), l G (b, w)} 
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It remains to show that if 

Idxg{A x {&}, (z, w)) = max{l D (A, z),l G (b, w)} 

for any Ac D with iV elements, then l G (b,w) < l G (b, w), because the 
opposite inequality always holds. We know that for any e > there 
exist if G 0(B, G) and pair-wise distinct points 771 , 772 , - - ■ G D such 
that </?(0) = u;, y(r/j) = 6, j = 1,2,... and 

00 

IIl^'l <9G(b,w) + e. 
i=i 

Note that we may choose ip G C(D, D) with -0(0) = w and ^(r/j) 7^ 
^(%), if j ^ k. Set A = {i/;(vj)}jLi- Since (V>, <p) G C(D ;J D x G) is a 
competitor for Idxg{A x {6}, (z, w)), we conclude that 

«g(6, «0 < ^xg(^ x {6}, (z, «;)) < ^(6, «;)+£. □ 

Corollary 6. (see j2]) Let D and G be domains in C n and C m , 
respectively, and let z G D, w,b G G. T/ien #ie equality 

Idxg{A x {^}, («, 10)) = max{/ Z) ( J 4, z),l G (b, w)} 

holds for any nonempty at most countable A C D if and only ifl G (b, w) = 
9g(P,w). 

Note that by the Lempert theorem (cf. jlj) the last equality holds for 
any convex domains. It is also true for the symmetrized bidisc which 
is not biholomorphic to a convex domain (see pQ, see also [?]). 

5. Counterexamples to the product property of the 

Lempert function 

Let G be a plane domain and let D be a domain in C n . Theorem 5 
and the explicit formula for Iq (Proposition 2) show that the product 
property for Id xG (A x {b}, (z, w)), b 7^ w, holds if and only if either G 
is simply connected or its complement is a singleton. 

In this paragraph we shall see that the product property for the 
Lempert function of the bidisc is a seldom phenomenon if each of the 
pole sets has more than one element. 

We also show that the left-hand side inequality in Theorem 5 is 
not a good candidate for a modified product property; namely, this 
inequality is strict, in general, for non-simply connected domains whose 
boundaries contain more than one point. 

Since the Green function has the product property, it does not exceed 
the Lempert function and both functions coincide on the unit disc, it 
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follows that 

max{Z ro (A,2;),/ D (S,M;)} < 1^2 (A x B, (z,w)). (2) 

On the other hand, we have 

Theorem 7. Let A and B be two-point subsets of B, such that 
G" A,B and l o (A,0) = l o (B,0). Then 

l B (A,0) = l o2 (Ax 5,(0,0)) 

if and only if there is a rotation sending A to B. 

In addition, if B = e' t9 A, 9 G R, then the l^(A x 5, (0,0)) -extremal 
discs are of the form (r, e^r), where r is a rotation. 

Proof. Let A = {01,02}, B = {bi,b 2 }, and let if) = ("01, ^2) be an 
1^2 (Ax B, (0, 0))-extremal disc. Then there are a set J C {1,2}x{1,2} 
and numbers z k j G D, (/c, /) G J, such that 

ip(z k ,i) = (a k ,k) and [] \z k ,i\ = 1&*(A x B, (0,0)). 

(k,i)eJ 

Suppose now that ln(A,0) = l^(A x B, (0,0)). Since 

lo(A, 0) = / D (ai, 0) • fe(a 2 , 0), 

it follows that ipi is an Zp(aj, 0)-extremal disc, j — 1,2 Analogously, ip 2 
is an %(bj, 0)-extremal disc, j — 1,2. In particular, # J > 2, and ipi,ip2 
are rotations or Blaschke products of degree two. 

If = 3, then ?/>i or ifj 2 must be simultaneously a rotation and a 
Blaschke product of degree two, which is a contradiction. 

Let j^J = 4. Then we may assume that 

ij)i{z) = z<5> a (z), i) 2 (z) = e u z<f>p 
for some a, f3 G B, t G R. Therefore, 

Zl,l$a(^l,l) = Zl,2$a (^1,2), ^2,1^q(^2,i) = Z2,2$a (^2,2) , 
= ^2,l^/3(^2,l), 21,2^(^1,2) = ^2,2^/3 (^2, 2 ) • 

It follows that that 

Zl,l = ^a(^l,2) = $ /3(^2,l), Zl,2 = fyjfe), Z2,l = ^afe)- 

Hence z\ : i = $ a o $3(2:2,2) = $/3 $0(^2,2)- Then a straightforward 
calculation leads to the equality 

(2 - a(3 - a(3)(z 22 (a - j3) + z 2)2 (a(3 - a/3) + (3 - a) = 0. 

It is easy to see that if a ^ f3, then both roots of the equation 

z 2 (a — P) + z(aj3 — a/3) = a — (3 

belong to <9B. Thus, a — f3, z lj2 = z 2>1 , z lt i = z 2>2 , a contradiction. □ 
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It remains to consider the case #J = 2. Then either (1, 2), (2, 1) G" J, 
or (1, 1), (2,2) G" J. It follows that ipi and ip 2 must be rotations, say 
^(z) = e i6l z, ip 2 {z) = e id2 z, 6 1 ,9 2 G R, and hence B = e id A, where 
9 = 8i — 02- 

Conversely, it is clear that if B — e A and r is a rotation, then the 
mapping (r, e i9 r) G 0(D, D 2 ) is a competitor for l 2(A x B, (0, 0)). This 
implies that 

UA,0) > ( DJ (AxB,(0,0)). 

Now the inequality (2) completes the proof. □ 
A consequence of Theorem 7 is the following 

Corollary 8. Let A, B be two-point subsets of D and z e B> \ A. 

Then there exist uncountable many w G D /or which 

lo(A, z) = l D (B, w) < 1 ?{A x B, (z, w)). 

Proof. It suffices to note that there exist uncountable many w's 
with z) = lo(B,w), but at most two w's for which there is an 

automorphism of D, sending ztow and ^4 to B. □ 

We do not know whether Theorem 7 still holds for sets with equal 
numbers of elements, greater than I. However, this theorem and the 
next proposition provide for given (z, w) G D 2 a large class of coun- 
terexamples to the product property of lo?{A x B, (z,w)) for pole sets 
A and B with arbitrary numbers of elements, greater than 1. 

Proposition 9. Let D and G be domains in C n and C m , respectively. 
Let z G D, w G G, Ac D, B C G and q G (0, 1) be such that 

m&x{l D (A,z),l G (B,w)} = ql D xc(A x B, (z,w)) > 0. 

Then 

max{l D (AuA u z),l G (BUB 1 ,w)} < l DxG {{AU A x ) x (B U Bi), (z, w)) 
for any A 1 C D, B 1 C G with Ar\A 1 = Br\Bi = ® and 

g D (A 1 ,z)g G (B 1 ,w) > q. (3) 

Proof. It is easy to see that 

W(^Uii) x (BuBi),(2,«))) > 
l DxG (A x B, (z, w))l DxG {A x B u (z, w))l DxG {A 1 x(BU (z, w)) 
> l DxG (A x B, (z, w))g DxG (A x S l5 (z, w))g DxG (A 1 x(5U Bi), (z, w)) 

> l DxG (A x B, (z, w))g G (B u w)g D (A 1 , z) 
> m&x{l D (A, z),l G (B, w)} > m&x{l D (A U A u z),l G (B U B 1 ,w)}. □ 
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Remark. Recall that if the boundary of a planar domain D is 
a non-polar set, then there exists a polar set F C 3D such that 
lim a _» ao #£>(a, z) — 1 for any a G (<9-D) \ F and any z <E D. Since 

£to(A^) = JJ# D (a,2:), 

aeA 

it follows that for a given g G (0, 1) and N G N* there is a set ^4 with 
N elements and with dist(^4, a ) < 1 — q, and <7d(A z) > q. So, we may 
provide the inequality (3) for any planar domains whose boundaries 
are non-polar. 

Now we shall prove two results showing that the left-hand side in- 
equality in Theorem 5 is also strict for general plane domains. 

Proposition 10. Let D and G be plane domains whose boundaries 
contain more than one point, w,b G G, w ^ b, z G D. Assume that 
G is non-simply connected. Then there exists a countable set A = 
{a±, a 2 , ■ ■ ■ } of points in D such that if A N = {a±, a 2 , ■ ■ ■ , cln}, N G 
N\{1}, then 

l D {A N , z) = 1% (6, w) < 1 D xg(A n x {b}, (z, w)). 

Moreover, if the boundary of G is a non-polar set, then 

l D (A, z) = g G (b, w) < l DxG (A x {&}, (z, w)). 

Proof. Since Id(-,z) is a continuous function, Id(z,z) = and 
lim a ^QD Id{o-i z) — 1 (which follows by the explicit formula for Id{ci, z)), 
we may find ai with Id{o-i, z) = lc{b, w) > 0. Using similar argument, 
we obtain a sequence of points oi, a 2 , ■ • ■ G D such that 

l D (A N ,z)=l%(b,w)>0. 

Moreover, each of these points can be chosen in uncountable many 
ways. Thus, if ir G 0(3, G) and r G 0(3, D) are cover maps with 
7r(0) = w and r(0) = z, then we may assume that 

7 for any & G r^K), 6 G r^fa), ^(G tt" 1 ^). (4) 

Suppose now that for some iV G N \ {1} we have 
l D (A N , z) = l DxG {A N x {&}, (z, w)). 

Since D x G is a taut domain, there exists an Idxg{An x {^}, (z, w))- 
extremal disc (ip, i]S). Then <p and -0 must be Id (A jy, z) -extremal disc 
and (6, «;)-extremal disc, respectively. By Proposition 2, we may 
assume that ip — tt and ip = r o e ld for some real 9. In particular, 
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there are rji G K~ l {b) fl e~ l6 T~ 1 {ai) and 772 G tt _1 (^) ^ e^T -1 ^). A 
contradiction with (4). 

We are going to the second part of the proposition. First, we shall 
show that there exists an Idxg(A x {b}, (z, iu))-extreirial disc. Let 
N G N, be an Idxg(An x (2, w))-extremal disc. Then there exist 
sets J C {1,2, ...,iV} and (Xj^jeJ G D such that £at(0) = (-2,10), 
^Jv(Aj,jv) = &) for any j G J, and 

^dxg(-4jv x {6}, = |A iiJV |- 

Put Aj jv = 1 for j G" J. Passing to subsequences and applying the 
standard diagonal process, we may assume that £at — > £ G 0(3, DxG) 
uniformly on compact subsets of D, hin^^oo Xj N = Aj 6 D for any j 
and £(0) = (z,w), = (%,&)■ To prove that £ is an /z? x g(^ x 

{b}, (z, u>))-extremal disc, suppose the contrary. It follows that 
00 

JJ |Aj| > ql D xc(A x {b}, (z,w)), 
3=1 

where q > 1. Then for any k there is n k such that 

fc 

JJ \X jt N\ > qIdxg(A x {6}, (z, w)) 
3=1 

if N > n k . Since 

00 

JJ \ X iM > l D (A\A k ,z), 

j=k+l 

we obtain that 

Idxg(A n x {b}, (z, w)) > ql D {A \ A k , z)l DxG {A x {b}, (z, w)). (5) 

Note that the assumption that the boundary of G is a non-polar set 
implies 

l D (A,z) = g G {b,w) > 0. 

Then (among others we use the fact that the sequence (a k ) has no 
accumulation point in D) 

lim l DxG (A N x {b}, (z,w)) = l DxG (A x {b}, (z,w)) > 0, 

N^oo 

lim l D (A\ A k ,z) = 1. 

fc^oo 

It follows by (5) that 1 > q, a contradiction. 

Thus, £ = (</?, ■0) is an l DxG (A x {6}, (z, iu))-extremal disc. Suppose 
now that 

l D (A, z) = g G (b, w) = l DxG {A x {&}, (z, w)). 
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Then <p and ip must be a Id{A, z)-extremal disc and an w)-extremal 
disc, respectively. By Propositions 2 and 3, we may assume that if = r 
and if) = 7v o B, where B G 0(D,D), B(0) = and <I\ o £ is a 
Blaschke product for any n G 7r _1 (&). Moreover, J = N, Aj G 7" -1 (aj), 
| A j- 1 = li)(aj,z) and B(\j) G vr _1 (6) for any j. On the other hand, 

|Ai| > |B(Ai)| > l G (b,w) = l D {a u z) = |Ax|, 

which shows that B is a rotation. Then, as above, we get a contradic- 
tion with (4), which completes the proof. □ 

This proof allows us to obtain also the following 

Proposition 11. Let D and G be plane domains whose boundaries 
contain more than one point, w,b G G, w ^ b, z G D. Assume that G 
is non-simply connected. Then there exists a countable subset A of D 
such that 

m&x{l D (A, z) , g G (b,w)} < 1 D xg(A x {b}, (z,w)). 

Proof. Choose the points a% and 02 in D as in the proof of Propo- 
sition 10 and set A 2 = {a\, 0,2} ■ Let q G (0, 1) be such that 

l D (A 2 , z) = l 2 G (b, w) = ql DxG (A 2 x {&}, (z, w j). 

Now it is enough to note that for any countable subset B C D with 
Id(B, z) > q we have 

Idxg((A 2 UB)x {b}, {z, w)) > l DxG (A 2 x {b}, (z, w))l D (B, z) > 

l D (A 2 , z) = l 2 G (b, w) > max{l D (A 2 U B, z),g G (b, w)}. □ 
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